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A B S T R A C T

The phase behavior of poly(sodium 4-styrenesulfonate) (NaPSS) – water system in the presence of a non-
solvent 1,4-butanediol was investigated at 25 ◦C and 50 ◦C using cloud point titration method, combined with
linearized cloud point (LCP) correlation. Using a limited number of experimental cloud points, the solubility
curve for the entire composition range in the ternary system was determined numerically by extrapolation,
with the help of LCP fitting parameters. The Flory Huggins (FH) interaction parameters (𝜒) of the constituent
binary systems were estimated through a mathematical model, built using a combination of LCP fit and an
extended FH equation for the Gibbs energy of mixing. The model accounts for entropy of mixing of counterions
as well as the electrostatic interaction energy based on Manning’s theory. The 𝜒 parameters thus determined
are found to be in agreement with the expectations of favorable NaPSS–water interactions and unfavorable
NaPSS–1,4-butanediol interactions. Analysis of the individual contributions to Gibbs energy of mixing reveals
that bulk of the contribution arises from FH entropy and FH enthalpy, while the counterion entropy and
electrostatic energy are rather small in the present system.
1. Introduction

Understanding phase equilibria is critical for polymer processing,
which often occurs in a solution state. The prediction of miscibility
gaps, or the identification of composition ranges over which a homo-
geneous mixture phase separates into multiple mixed phases [1,2] is
crucial to several applications involving polymers and complex fluids.
Examples include controlled drug delivery [3,4], polymer membrane
fabrication [5,6] fibre spinning [7], energy devices [8], fluid equi-
libration in oilfield reservoirs [9], and extraction processes [10,11].
Miscibility gaps in polymer-solvent systems or polymer-polymer blends
are typically identified via temperature-composition plots, wherein
thermodynamically stable, metastable, and unstable regions can be de-
marcated. The phase behavior however may differ substantially. There
can be an upper critical solution temperature (UCST), lower critical so-
lution temperature (LCST), closed loop immiscibility curve, hour glass
shaped phase boundaries [12] etc. These complexities may prevent
exclusive experimental determination of phase behavior of polymer sys-
tems. This emphasizes the need for various predictive thermodynamic
models to determine phase diagrams of polymer mixtures.

Numerous thermodynamic models for polymer mixtures have been
proposed over the last few decades. These include the classical Flory–
Huggins theory [13–15], Sanchez–Lacombe equation of state theory
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[16], UNIFAC-FV, SAFT [17] etc. Although sophisticated models can
provide more accurate thermodynamic descriptions, the classical Flory–
Huggins (FH) theory still retains popularity due to its conceptual and
mathematical simplicity. The FH interaction parameter 𝜒 , which ap-
pears in the enthalpic contribution to mixing, is a numerical indicator
of polymer-solvent or polymer-polymer molecular energetic interac-
tions. Often, the value of 𝜒 is a benchmark for classifying solvents
as good, poor or theta solvents. Besides, 𝜒 can be used to estimate
many other thermodynamic properties of polymer-based mixtures [18].
Typical methods to estimate 𝜒 are Hansen solubility parameter-based
approach [19,20], osmotic pressure measurements [21,22], inverse
gas chromatography [23], light scattering [24,25], and calorimetric
measurements [26].

Polyelectrolyte systems have additional complexities in comparison
to regular polymer systems. Factors like electrostatic interactions re-
sulting from charges on the chains and counterions, as well as the
ordering tendency of ions will affect the Gibbs energy. Moreover,
complex formation is likely in polyelectrolyte blends. These intricacies
have prompted the use of advanced frameworks like PRISM theory [27]
and self-consistent field approach [28] in polyelectrolyte solution ther-
modynamics. Yet, the classical FH theory and its simple extensions
vailable online 28 August 2023
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have been routinely in use until date to understand phase behavior of
such systems. Safronov et al. [26] determined the FH binary interaction
parameter 𝜒 in polyelectrolyte hydrogels based on poly(acrylic) acid
and poly(methacrylic) acid with different counterions using osmotic
pressure measurements. They estimated the enthalpic and entropic
contributions to 𝜒 and concluded that the overall 𝜒 value is largely
naffected by the nature of counterions, though the individual contri-
utions might be affected. Lopes et al. [29] estimated the interaction
arameter in the natural polymer mixture of silk fibroin and sodium
lginate using the plain FH model. Despite its simplicity, the model
as able to achieve acceptable correlations with experimental obser-
ations. Kwon et al. [30] also based their phase equilibria theory of
olyelectrolyte blends on the classical FH theory, but with a couple
f additional terms in the Gibbs energy to account for counterion
ntropic contribution and electrostatic coupling. Therefore, the plain
H model can be considered as a reasonable starting point for more
laborate treatments to describe inter-system interactions. Besides, in
ystems with high concentration (∼10 wt%) of polyelectrolyte, there

will be significant screening of electrostatic interactions, and the mag-
nitude of Gibbs energy terms that depend on ionic composition will be
negligible [31].

Poly (sodium 4-styrenesulfonate) (NaPSS) is an industrially and
medically useful, water-soluble, anionic polyelectrolyte. It is a macro-
molecule with sulfonate-substituted negatively charged aromatic rings
in the vinylic positions of the carbon–carbon backbone chain, with
sodium as the positively charged counterion. It is reported to be a
key ingredient in the drugs used for treatment of hyperkalemia dis-
order [32–35]. NaPSS is also used as flocculant, and in the develop-
ment of controlled drug delivery membranes [36–38]. Another inter-
esting application of NaPSS is its employment as a charge balancing
dopant for enhancing the aqueous solubility of conducting polymers
like poly(3,4-ethylenedioxythiophene) (PEDOT) [39,40]. These diverse
applications of NaPSS entail the understanding of its phase behavior in
aqueous environments, which are less investigated in published litera-
ture. In this work, we investigate the phase equilibria of NaPSS – water
system in the presence of a third component 1,4-butanediol, specifically
focussing on cloud point curves in the ternary system. 1,4-butanediol
is an organic solvent widely used in the manufacture and processing
of several polymers [41]. Here, we employ it as a non-solvent in the
NaPSS – water mixture to engender phase separation.

A simple, effective, experimental method for gaining insights into
polymer phase equilibra is the determination of the ‘‘cloud point’’
curve, i.e., the threshold compositions at the onset of polymer demix-
ing, by titrating a polymer-solvent mixture against a non-solvent [42,
43]. When a homogeneous solution of polymer in the solvent is titrated
against a minimum critical quantity of the non-solvent, immiscibility
is induced, which is visually manifested as turbidity or cloudiness in
the solution. The cloud point information thus obtained provides the
‘‘solubility curve’’ of the system [44]. Furthermore, if a few cloud points
of such a ternary system are determined by varying the solvent : non-
solvent ratio, the available set of data points can be extrapolated to find
the solubility curve over the entire composition range with the help of
linearized cloud point (LCP) curve correlation technique [45]. Besides,
the cloud point data can be used to estimate the binary interaction
parameters of the constituents present, using FH-type models.

In this work, we pursue the determination of cloud points in NaPSS–
water–1,4-butanediol ternary system through the combination of non-
solvent titration and LCP correlation. We also estimate the FH binary
interaction parameters between NaPSS and water, as well as NaPSS and
1,4-butanediol using a suitable extension of the FH model. Section 2
provides the required theoretical background relevant to our system,
as well as the mathematical procedure of LCP method. Section 3
details the experimental procedure used. In Section 4, we describe
the results, beginning with cloud point curves from experimental data
(Section 4.1), followed by estimation of FH interaction parameters
(Section 4.2) and the various contributions to Gibbs energy in this
2

system. Section 5 provides the concluding remarks.
2. Theoretical background

2.1. Relevant extension of the Flory–Huggins model

The Flory–Huggins theory [13–15] is a natural extension of reg-
ular solution model [46], that assumes a lattice arrangement of the
constituent polymers and/or solvent molecules to estimate the entropy
and enthalpy of mixing. For a ternary mixture consisting of uncharged
components (1,2,3), with their molar volumes 𝑉 in the order 𝑉3 > 𝑉1 >
2, the total Gibbs energy of mixing 𝛥mix𝐺 is given by [47]:

𝛥mix𝐺
𝑅𝑇

= 𝑛1 ln𝛷1 + 𝑛2 ln𝛷2 + 𝑛3 ln𝛷3 + 𝑛2𝛷1𝜒12 ++𝑛2𝛷3𝜒23 ++𝑛1𝛷3𝜒13,

(1)

where 𝑅 is the ideal gas constant, 𝑇 is the temperature, 𝜒𝑖𝑗 (𝑖, 𝑗 = 1,2,3)
re interaction parameters between each 𝑖−𝑗 pair of components, 𝑛𝑖 and
𝑖 denote the number of moles and volume fraction respectively of the

omponent 𝑖. For simplicity, the ternary interaction parameter 𝜒𝑖𝑗𝑘 is
ypically ignored. The volume fraction of component 𝑖 can be related
o its number of moles through molar volumes, by the expression:

𝑖 =
𝑛𝑖𝑉𝑖
3
∑

𝑖=1
𝑛𝑖𝑉𝑖

. (2)

The first three terms on the right hand side (RHS) of Eq. (1)
account for the combinatorial entropy of mixing, and the last three
terms represent the enthalpy of mixing. The temperature-dependent
F-H interaction parameter 𝜒𝑖𝑗 between each 𝑖 − 𝑗 pair is defined as:

𝜒𝑖𝑗 =
𝑧𝛥𝑤𝑖𝑗

𝑘𝐵𝑇
, (3)

where 𝑧 is the lattice coordination number, 𝑘𝐵 is the Boltzmann con-
stant, and 𝛥𝑤 is the change in internal energy brought about by one
pair of 𝑖 − 𝑗 molecular interaction. In other words, 𝜒𝑖𝑗 in a polymer-
solvent system may be conceptualized as the fraction of 𝑘𝐵𝑇 energy
required to bring one isolated molecule each of a polymer and solvent
into the solution lattice. Thus, it is a parameter that allows for the
quantification of affinity between molecules of 𝑖 and 𝑗.

If the polymer of relevance is a polyelectrolyte (such as NaPSS in our
study), then additional terms for counterion entropy and electrostatic
interactions need to be included in the RHS of Eq. (1). Two notable
approaches have been proposed in the literature for counterion entropy.
One way to account for it is by considering the counterions as an
additional species [31,48,49], through a term of the type 𝑛4 ln𝛷4 in
(1), with the index 4 denoting counterions. An alternative way, as
suggested by Khokhlov and Nyrkova [50], would be to include the
entropic contributions of free counterions within the polymer term
itself in Eq. (1). In other words, if the index 3 in Eq. (1) denotes the
charged polymer, then the third term on the RHS of (1) may be written
as 𝑛3(1 + 𝛼) ln𝛷3, where 𝛼 is the number of free counterions per chain
of the polyelectrolyte. This approach, later termed as the ‘‘effective
length approximation’’ by Gottschalk et al. [51], simply amounts to
renormalization of the number of segments of the polymer chain occu-
pying a lattice site. Both approaches have been shown to capture trends
from experimental data reasonably well [51,52]. The value of 𝛼 may be
estimated from Manning’s counterion condensation theory [53], which
depends on factors like valence of ions, mean spacing between charged
groups in the polymer, and the dielectric constant of the dissolution
medium.

The long range electrostatic interactions can be accounted for
through the Debye–Huckel or Manning limiting laws [53–55]. For the
case of 𝑛3 moles of a neutral polyelectrolyte containing 𝑁 univalent
charged groups per chain, with as many counterions, among which a
fraction 𝑓 are dissociated in the solvent, the electrostatic contribution
to the Gibbs energy [54] is given by 𝛥𝐺 ∕𝑅𝑇 = −(𝜉∕2)𝑓 2𝑁𝑛 ln (𝑓𝛷 ).
el 3 3
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Here, 𝜉 is the charge density parameter of the polymer from Manning
theory. This electrostatic energy contribution would be added to the
RHS of Eq. (1) to model the total Gibbs energy of mixing.

We note that supplementing the Gibbs energy of mixing with ad-
ditional terms in a very similar manner as above is conventionally
followed in the literature for modeling effects like complexation in
polyelectrolyte blends and micelle formation [56,57]. For instance, in
micelle formation, the Gibbs energy would contain additional terms
pertaining to the interfacial energy, contribution from deformation of
the polymer chains, and the entropy of mixing of polymer chains inside
the micelle corona [58].

2.2. Miscibility gaps in polymer-solvent systems

It may be noted that even in multi-component systems which pos-
sess favorable mixing tendencies by virtue of a negative 𝛥mix𝐺, exis-
tence of a single mixed phase over all compositions is not guaranteed.
Miscibility gaps can arise when there are multiple local minima in
𝛥mix𝐺 at certain compositions, causing the co-existence of multiple
mixed phases. The binodal compositions separate the metastable co-
existence regions from the region where a single homogeneous mixture
is stable. For polymer solutions, determination of cloud point data is
commonly done in the context of phase equilibria studies. However,
as pointed out by Arce et al. [44], the ‘‘solubility curve’’ determined
through cloud point data is not a true equilibrium curve. The binodal
curve, on the other hand, is a system equilibrium curve, indepen-
dent of the visual perception errors that may arise while distinguish-
ing the limit between immiscibility and homogeneity in cloud point
experiments.

Mathematically, the binodal phase boundaries may be determined
by solving for compositions at which the chemical potentials of each
component in the mixture in the co-existing phases are equal [59–61].
At equilibrium, the chemical potential of both the polymer-rich and
polymer-lean phases must be equal. In other words, at the binodal point
where multiple phases are in equilibrium, we should have:

𝜇𝑖
|

|

|phase 1
= 𝜇𝑖

|

|

|phase 2
= 𝜇𝑖

|

|

|phase 3
........, 𝑖 = 1, 2, 3, (4)

where 𝜇𝑖 is the chemical potential of the 𝑖th component in the mixture,
given by:

𝛥𝜇𝑖
𝑅𝑇

=
𝜕
( 𝛥mix𝐺

𝑅𝑇

)

𝜕𝑛𝑖

|

|

|

|

|𝑛𝑗 ,𝑗≠𝑖,𝑇 ,𝑃
, (5)

𝑃 denoting the system pressure, and 𝛥𝜇𝑖 = 𝜇𝑖 − 𝜇0
𝑖 is the chemical

otential relative to a standard reference state. On the other hand,
he spinodal curve, or the phase boundary separating the unstable,
hase separated region from the metastable coexistence region can be
etermine by solving:

𝜕2(𝛥mix𝐺)
𝜕𝑛2𝑖

= 0. (6)

.3. Linearized cloud point (LCP) curve correlation method.

Experimental determination of the cloud point in polymer solutions
s often done by cooling them slowly over temperature, or by titrating a
olymer-solvent mixture isothermally against a non-solvent and track-
ng the onset of visual turbidity [62–64]. However, since it is difficult
o titrate a polymer solution at higher concentrations due to high
iscosity, obtaining the complete phase boundary is experimentally
hallenging [65]. For the case of a ternary system involving a polymer,
olvent, and non-solvent, Boom et al. [45] proposed the LCP correlation
ethod for determining cloud point composition curves. In order to

xtrapolate the limited experimental cloud point data to wider range
f compositions, LCP correlation method makes use of the following
inear fitting expression:

n
𝛷1 = 𝑏 ln

𝛷2 + 𝑎, (7)
3

𝛷3 𝛷3
where 𝛷1, 𝛷2 and 𝛷3 are the volume fractions of the non-solvent,
olvent and polymer respectively at a known cloud point. The slope
in the linear fit between ln(𝛷1∕𝛷3) vs. ln(𝛷2∕𝛷3) contains a ratio

f differences between the molar volumes of the components (𝑉𝑖) as
n Eq. (8):

=
𝑉1 − 𝑉3
𝑉2 − 𝑉3

. (8)

The intercept 𝑎 of the fit contains information on the Flory–Huggins
interaction parameters of the constituents involved. The complete ex-
pression for 𝑎 is provided in Section 4.2.2.

The cloud point information obtained from experimental measure-
ments can be extrapolated to the entire composition range of polymer/
solvent/non-solvent system, assuming that the linear fit in Eq. (7) is
obeyed throughout. Given that 𝛷1 + 𝛷2 + 𝛷3 = 1 among which one
of the 𝛷𝑖’s is independent, it is possible, in principle, to determine the
value of each 𝛷𝑖 at a cloud point using (7). Thus the solubility curve
can be plotted on a ternary phase diagram over the entire range of
composition.

3. Experimental

3.1. Materials

Poly (sodium 4-styrenesulfonate) (NaPSS, average molar mass 𝑀𝑤 =
70 kDa as per manufacturer’s label, and specific gravity 0.8), and 1,4-
butanediol (molar mass 90.12 Da, specific gravity 1.02) were procured
from suppliers as mentioned in Table 1 and used as-received. Deionized
(DI) water (specific conductance less than 1 μS cm−1 at 25 ◦C, specific
gravity 1) was procured from Nice Chemicals Pvt. Ltd., India. The
viscosity-averaged molar mass of NaPSS was independently measured
and found to be 32.452 kDa. Details of measurement are reported in
section S1 of Supplementary material.

3.2. Preparation of polymer solution

Aqueous polymer solutions of concentrations in the range of 0.08
g/ml to 0.25 g/ml NaPSS were prepared by dissolving appropriate
amounts of NaPSS in DI water. The solutions were initially mixed using
a digital ultrasonicator (KLDUC-2.5, KINGLAB, India), and then con-
tinuously stirred using a magnetic stirrer (TARSONS SPINOT-magnetic
stirrer and hot plate-DIGITAL, MC 02, India) for 2 h at room tem-
perature to obtain a clear homogeneous yellow solution as shown in
Fig. 1(a).

3.3. Cloud point determination

A standard titration method was performed to determine the thresh-
old amount of the non-solvent 1,4-butanediol that can be added to
aqueous NaPSS until demixing is induced. The titration was performed
with a 50 ml burette with 0.1 ml graduation. The non-solvent was
added dropwise from the precision burette to the aqueous polymer
solution contained in a beaker, under continuous magnetic stirring,
as shown in Fig. 1(b). The titration experiments were performed at
two different temperatures of the solution, viz. 25 ◦C and 50 ◦C.
The solution temperature was fixed with the help of the temperature
controller attached to the stirring plate which had a temperature un-
certainty of 0.1 ◦C. During each titration experiment, the turbidity
of the solution was monitored with the help of a turbidimeter (TU-
2016, Lutron, Taiwan). The concentration of the non-solvent at which
the turbidity first increased to twice that of the previous reading
was declared as the cloud point composition. The liquid mixture at
this point has an appearance as in Fig. 1(c). At the cloud point thus
determined, it was verified that the variation in turbidity is less than
15% throughout a holding time of at least 12 h. The translucent mixture

at the cloud point composition was then diluted further with the solvent
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Fig. 1. (a) Homogeneous solution of NaPSS and DI water (b) Titration experiment set up (c) Visual turbidity in solution at cloud point (d) Clear solution recovered upon adding
solvent (DI water) to (c).
Table 1
Specifications of chemicals used in this study.

Chemical name CAS number Source Molar mass Purity (mass%)

Poly(sodium
4-styrenesulfonate) 25704-18-1 Alfa Aesar 70 kDa >99.9
(NaPSS in short)
1,4-butanediol 110-63-4 Spectrochem Pvt. Ltd. India 90.12 Da >99
(DI water) to form a clear solution (Fig. 1(d)), restoring a single mixed
phase, and the steps of titration with 1,4-butanediol were repeated.
Experiments were conducted over a limited composition range over
which the viscosity of the solution was low enough to detect turbidity
changes accurately. As the concentration of NaPSS or 1,4-butanediol
is raised, the solution viscosity increases. Then, the re-mixing of the
non-solvent upon further solvent addition to a cloud point composition
mixture becomes extremely slow, rendering turbidity measurements
difficult. The limited experimental data was then used for extrapolation
of cloud point curve over the entire composition range using LCP curve
correlation method.

4. Results and discussion

4.1. Cloud point curves from experimental data

Fig. 2(a) shows the solution turbidity measured as function of
the volume of non-solvent 1,4-butanediol for a typical solution of
NaPSS – water being titrated. For the specific case shown, the starting
polymer solution contained 3 g NaPSS in 17 ml water (i.e. 15 wt%
NaPSS in water), and the titration was performed at 25 ◦C. Turbidity
is reported in nephelometric turbidity units (NTU), which is observed
to record a sudden rise beyond ∼22 ml of 1,4-butanediol, due to the
onset of precipitation of excess polymer from the solution. The cloud
point for this case was determined to occur at 21.7 ml non-solvent as
per the criterion set in Section 3.3. Similar jumps in turbidity values
were also observed for other starting concentrations and the cloud point
compositions were accordingly determined. Fig. 2(b) shows the varia-
tion of turbidity values with time for the same starting composition
as in Fig. 2(a), for four different volumes of 1,4-butanediol added, viz.,
10 ml, 15 ml, 20 ml, and 21.7 ml. Slight transient variations in turbidity
are induced due to the kinetics of mixing; however, as observed in
all the four samples, the variations are within 15%, suggesting that
the mixtures are kinetically stable. Given that the cloud point for this
specific starting solution occurs at 21.7 ml of 1,4-butanediol, Fig. 2(b)
suggests that (i) solutions containing non-solvent lesser than 21.7 ml
remain as a single phase mixture within the holding timescale, and
(ii) the mixture with 21.7 ml of 1,4-butanediol remains kinetically
4

Table 2
LCP fit parameters obtained for water-NaPSS-1,4-butanediol system at temperatures T
= 25 ◦C and 50 ◦C.

T (◦C) Slope (𝑏) Intercept (𝑎) Correlation coefficient

25 1.437 −0.451 0.998
50 1.415 −0.495 0.991

as a phase separated mixture, lending validity to the cloud point
composition ascertained via the titration experiment.

Fig. 3 shows plots of ln(𝛷1∕𝛷3) vs. ln(𝛷2∕𝛷3) for (a) 25 ◦C and (b)
50 ◦C, where 𝛷 denotes volume fraction of the components 1, 2, and 3
at the cloud point, representing the non-solvent, solvent, and polymer
respectively. It is evident that the experimental data in both cases
(black circles) obey a linear fit. The correlation coefficient as per linear
least squares regression is found to be equal to 0.998 in (a) and 0.991
in (b), suggesting excellent goodness of fit. The linear fits obtained via
least squares regression have slopes of 1.437 and 1.415, and intercepts
of −0.451 and −0.495 in (a) and (b) respectively. According to Boom
et al. [45] the slope of LCP fit is expected to be slightly greater than 1,
which is in agreement with values reported for both the temperatures
in Table 2. The theoretical value of the slope calculated using Eq. (8)
and the known molar volumes (ratio of molar mass to density) is ∼ 1.
The variation between the computed and theoretical slopes may be
attributed to the polydispersity of the polymer. The intercepts contain
information about the FH interaction parameters, and will be explained
in detail in Section 4.2.2.

The LCP fits were used to generate cloud point curves over the
entire range of compositions by extrapolating the experimental data,
as per procedure stated in Section 2.3. The extrapolated cloud point
curves are shown in Fig. 4(a),(b), on the ternary phase diagram of
NaPSS – water – 1,4-butanediol at 25 ◦C and 50 ◦C. The red squares
represent the experimentally detected cloud points, while the solid
blue lines denotes the extrapolated cloud point curve by LCP method
described in Section 2.3. These curves reveal that mixtures with more
concentrated NaPSS have cloud points situated towards lower con-
centrations of 1,4-butanediol. As expected, lesser amount of the non-
solvent was required to induce the precipitation in mixtures with higher
initial polymer concentration.



Fluid Phase Equilibria 576 (2024) 113935R. Padmarajan and S.K. Kalpathy

(

f

Fig. 2. Turbidity in NaPSS – water solution as a function of concentration of the non-solvent 1,4-butanediol. The starting solution had a concentration of 15 wt% NaPSS in water.
b) Turbidity variations over time for a solution containing 3 g NaPSS in 17 ml water, for four different volumes of 1,4-butanediol added during titration.
Fig. 3. The LCP fits for NaPSS/water/Butanediol system (a) at 25 ◦C, (b) at 50 ◦C.
With regard to temperature, the cloud point curves are not vastly
different at 25 ◦C and 50 ◦C. Generally, miscibility in a system would
improve upon heating if the additional thermal energy can compensate
for the deficit in energy required for dissociation of bonds in the solvent
and solute, which could not be met otherwise from the energy released
during the dissolution process at the lower temperature. The temper-
ature dependence of the interaction parameter 𝜒 would determine
whether the enthalpy difference over the two temperatures is large.
For the specific system in consideration, it appears that there is little
tangible change over the temperature range of 25–50 ◦C. We also note
that temperature invariance is assumed in our experiments for entropic
control.

4.2. Determination of the interaction parameters

Based on the experimental results in Section 4.1 and information
from the literature, the Flory–Huggins interaction parameters 𝜒12, 𝜒13,
and 𝜒23 were determined, where 1,2,3 denote 1,4-butanediol, wa-
ter, and NaPSS respectively. Among these, 𝜒12 was estimated based
on enthalpy of mixing data measured previously by Nagamachi and
Francesconi [66]. Its value was then used as an input for determining
𝜒23 and 𝜒13 based on the LCP model, to be discussed in Section 4.2.2.

4.2.1. Estimation of 𝜒12
Nagamachi and Francesconi [66] have measured the molar enthalpy

of mixing 𝛥mixH for 1,4-butanediol - water mixtures of different mole
ractions at 25 ◦C and 50 ◦C. The data is graphically presented in Fig. 5,
5

displaying a non-monotonic variation, and suggesting that mixing is
enthalpically the most favorable at mole fraction value ∼ 0.35 of
1,4-butanediol. The corresponding values of 𝜒12 at the different com-
positions were estimated using the Flory–Huggins model, i.e., 𝛥mixH =
𝑥2𝛷1𝜒12𝑅𝑇 , where 𝑥2 is the mole fraction of water and 𝛷1 is the volume
fraction of 1,4-butanediol. The calculated values of 𝜒12 are depicted in
Fig. 6. The cloud point data measured in our experiments correspond
to mixtures with 𝑥2 in the range 0.17 − 0.22, over which 𝜒12 is seen to
be fairly constant from Fig. 6, and can be estimated to be −0.77 and
−0.47 at 25 ◦C and 50 ◦C respectively. The negative values of 𝜒12 are
in agreement with the idea that water and 1,4-butanediol are miscible
in all proportions due the presence of hydrogen bonding between -OH
groups of the alcohol and water [66].

4.2.2. Development of the LCP model and determination of 𝜒23 and 𝜒13
We use the extension of Flory–Huggins theory described in Sec-

tion 2.1 to build a model connecting the 𝜒 parameters with the inter-
cept 𝑎 of the LCP equation (7). The Gibbs energy of mixing 𝛥mix𝐺 for
the ternary system of species 1, 2, 3 is expressed using the extension
of FH model described in Section 2.1, through a simple modification
of Eq. (1):
𝛥mix𝐺
𝑅𝑇

= 𝑛1ln𝛷1 + 𝑛2ln𝛷2 + 𝑛3(1 + 𝛼)ln𝛷3 + 𝑛2𝛷1𝜒12 + 𝑛2𝛷3𝜒23

+ 𝑛1𝛷3𝜒13 −
𝜉
2
𝑓 2𝑁𝑛3 ln (𝑓𝛷3). (9)

The factor 𝛼 in the third term on the RHS denotes the number of free
counterions per molecular chain of NaPSS, which is equal to the prod-
uct 𝑓𝑁 , where 𝑁 is the degree of polymerization and 𝑓 is the fraction
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Fig. 4. The solubility curves for NaPSS/water/Butanediol system (a) at 25 ◦C, (b) at 50 ◦C. Markers represent the experimental cloud point data and the line represents the
extrapolated solubility curve. Axes are in terms of volume fractions.
of free counterions. The last term on the RHS of Eq. (9) represents the
electrostatic contribution. The fraction 𝑓 as well as the charge density
parameter 𝜉 can be estimated based on Manning’s counterion condensa-
tion theory [55]. Laatikainen et al. [67] have reported that 𝑓 would be
∼0.3 and 𝜉 would be ∼2.85 in aqueous solutions of fully charged vinylic
polyelectrolytes such as NaPSS, containing univalent counterions, at
25 ◦C. The values of 𝑓 and 𝜉 are functions of temperature as well as
6

the dielectric constant of the medium. More precise estimates for these
quantities over the temperature and concentration ranges of interest
are provided in Table 3.

The chemical potential of each species 𝑖 (𝑖 = 1, 2, 3) in the mixture,
relative to its standard reference state, can be found by differentiation
of (9) as per Eq. (5). Note that the evaluation of 𝛥𝜇𝑖’s by (5) would
require evaluation of the derivatives of 𝛷 ’s with respect to 𝑛 ’s. These
𝑖 𝑖
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Fig. 5. Molar enthalpy of mixing for different mole fractions of 1,4-butanediol with water, based on data from Nagamachi and Francesconi [66].
Fig. 6. Values of 𝜒12 calculated using the Flory–Huggins expression for enthalpy of mixing of a binary mixture, 𝛥mixH = 𝑥2𝛷1𝜒12𝑅𝑇 , for values of 𝛥mixH plotted in Fig. 5.
expressions are provided in Appendix A. After evaluating the necessary
derivatives, one obtains the following:
𝛥𝜇1
𝑅𝑇

= ln 𝛷1 + (𝛷2 +𝛷3) −
𝑛2
𝑛1

𝛷1 −
𝑛3
𝑛1

𝛷1(1 + 𝛼) +
𝑛2
𝑛1

𝛷1(𝛷2 +𝛷3)𝜒12

−
𝑛2
𝑛1

𝛷1𝛷3𝜒23

+𝛷3(𝛷2 +𝛷3)𝜒13 +
𝜉
2
𝑓 2𝑁

𝑛3
𝑛1

𝛷1. (10)

𝛥𝜇2
𝑅𝑇

= ln 𝛷2 + (𝛷1 +𝛷3) −
𝑛1
𝑛2

𝛷2 −
𝑛3
𝑛2

𝛷2(1 + 𝛼) +𝛷1(𝛷1 +𝛷3)𝜒12

+𝛷3(𝛷1 +𝛷3)𝜒23

−
𝑛1
𝑛2

𝛷2𝛷3𝜒13 +
𝜉
2
𝑓 2𝑁

𝑛3
𝑛2

𝛷2. (11)
7

𝛥𝜇3
𝑅𝑇

= [ln 𝛷3 + (𝛷1 +𝛷2)](1 + 𝑓 ) −
𝑛1
𝑛3

𝛷3 −
𝑛2
𝑛3

𝛷3 −
𝑛2
𝑛3

𝛷1𝛷3𝜒12

+
𝑛2
𝑛3

𝛷3(𝛷1 +𝛷2)𝜒23

+
𝑛1
𝑛3

𝛷3(𝛷1 +𝛷2)𝜒13 −
𝜉
2
𝑓 2𝑁(𝛷1 +𝛷2 + ln 𝑓 + ln𝛷3). (12)

By virtue of (4), we know that at the phase coexistence boundaries,
each component 𝑖 must satisfy

𝛥𝜇𝑖
|

|

|phase 1
= 𝛥𝜇𝑖

|

|

|phase 2
, 𝑖 = 1, 2, 3, (13)

where phase 1 and phase 2 are the polymer rich phase and the polymer
lean phase which coexist. However, this equality also implies that

any linear combination of the 𝛥𝜇𝑖’s must be equal in the two phases.
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Therefore, we write:
|

|

|

|

|

|

|

|

|

|

(

𝛥𝜇1 − 𝛥𝜇2
𝑅𝑇 (𝑉1 − 𝑉2)

−
𝛥𝜇3 − 𝛥𝜇2
𝑅𝑇 (𝑉3 − 𝑉2)

)

|

|

|

|

|

|

|

|

|

|

= 0, (14)

where ‖𝑥‖ denotes the difference in 𝑥 over the two coexisting phases,
and 𝑉𝑖 is the molar volume of the component 𝑖. The steps involved in
simplification of Eq. (14) are provided in Appendix B. Upon simplifica-
tion and further mathematical rearrangements, we obtain

𝛥

(

ln
𝛷1
𝛷3

−

[

𝑉1 − 𝑉3
𝑉2 − 𝑉3

]

ln
𝛷2
𝛷3

)

= 𝛥(𝑎), (15)

where

𝑎 = 𝜒12𝛷1

[

(𝛷1 +𝛷3) −
𝑛2(𝛷2 +𝛷3)

𝑛1
−

𝑛2𝛷3(𝑉1 − 𝑉2)
𝑛3(𝑉3 − 𝑉2)

−
(𝛷1 +𝛷3)(𝑉1 − 𝑉2)

(𝑉3 − 𝑉2)

]

+𝜒23𝛷3

[

(𝛷1 +𝛷3) +
𝑛2𝛷1

𝑛1
+

𝑛2(𝛷1 +𝛷2)(𝑉1 − 𝑉2)
𝑛3(𝑉3 − 𝑉2)

−
(𝛷1 +𝛷3)(𝑉1 − 𝑉2)

(𝑉3 − 𝑉2)

]

+𝜒13𝛷3

[

−(𝛷2 +𝛷3) −
𝑛1𝛷2

𝑛2
+

𝑛1(𝛷1 +𝛷2)(𝑉1 − 𝑉2)
𝑛3(𝑉3 − 𝑉2)

+
𝑛1𝛷2(𝑉1 − 𝑉2)
𝑛2(𝑉3 − 𝑉2)

]

+

[

(𝛷1 −𝛷2) −
(𝑛1 + 𝑛3)𝛷2

𝑛2
+

(𝑛2 + 𝑛3)𝛷1

𝑛1
+

(𝛷2 −𝛷3)(𝑉1 − 𝑉2)
𝑉3 − 𝑉2

−
(𝑛1 + 𝑛2)(𝑉1 − 𝑉2)𝛷3

𝑛3(𝑉3 − 𝑉2)
+

(𝑛1 + 𝑛3)(𝑉1 − 𝑉2)𝛷2

𝑛2(𝑉3 − 𝑉2)

]

+ 𝑓𝑁

[

𝑛3𝛷1

𝑛1
−

𝑛3𝛷2

𝑛2
+

𝑛3𝛷2(𝑉1 − 𝑉2)
𝑛2(𝑉3 − 𝑉2)

+
𝑉1 − 𝑉2

𝑉3 − 𝑉2
ln𝛷3

]

−
𝜉
2
𝑓 2𝑁

[

𝑛3𝛷1

𝑛1
−

𝑛3𝛷2

𝑛2
+

𝑉1 − 𝑉2

𝑉3 − 𝑉2

×

(

𝛷1 +𝛷2 + ln (𝑓𝛷3) +
𝑛3𝛷2

𝑛2

) ]

. (16)

From Eq. (16), it is evident that 𝑎 is a collection of terms containing
the 𝜒 parameters and the composition variables of the solution. For the
purpose of estimating 𝜒 parameters, we use an approximation, wherein
it is assumed that each cloud point represents a distinct phase compo-
sition. Then, if linear correlation has to necessarily occur between ln𝛷1

𝛷3

and ln𝛷2
𝛷3

, as is known from experimental data, Eq. (15) implies that

n
𝛷1
𝛷3

−

[

𝑉1 − 𝑉3
𝑉2 − 𝑉3

]

ln
𝛷2
𝛷3

= 𝑎 (17)

s valid for all cloud point occurrences. Therefore, a linear fit between
n𝛷1
𝛷3

and ln𝛷2
𝛷3

should ideally have a slope 𝑉1−𝑉3
𝑉2−𝑉3

and intercept 𝑎.
Given the set of experimentally determined cloud point data at

arious solution compositions, Eq. (16) provides an overdetermined
ystem of linear equations in the unknown variables 𝜒23 and 𝜒13,

with 𝜒12, 𝑎, 𝑓 , 𝜉,𝑁, 𝛼, 𝑉𝑖, 𝑛𝑖 and 𝜙𝑖 (𝑖 = 1, 2, 3) being known quantities.
Setting 𝑎 and 𝜒12 to the appropriate values determined in Sections 4.1
and 4.2.1, the molar volumes as ratio of molar mass to density, and
other model parameters as in Table 3, the overdetermined system of
equations was solved using a singular value decomposition method
using the inbuilt svd command in MATLAB. The resulting values of 𝜒23
and 𝜒13 at the two temperatures are provided in Table 3.

The negative values for 𝜒23 indicate strong affinity between NaPSS
monomers and water molecules. This is expected due to the presence
of ionized sulphonate groups of the NaPSS monomers that can favor-
ably bind to the polar water molecules. Raghuram et al. [68] have
8

shown through molecular dynamics simulations that water molecules,
influenced by hydrogen bonding, order into multiple layers near the
negatively charged sulphonate groups of NaPSS chains. Thus, NaPSS-
water interactions are rendered favorable by the formation of multi-
layered diffuse interphase of bound solvent molecules, particularly at
temperatures close to or below room temperature. Though the layered
arrangement prevails at higher temperatures, it is suggested that there
is a reduction in the density of bound water molecules in the vicinity
of sulphonate groups with increasing temperature, due to their migra-
tion to farther distances [68]. Moreover, at higher temperature, there
would be a collapse of the polyion chains and desolvation of sodium
ions, inducing stronger polyion–counterion interactions and weaker
water–polyion interactions [69]. This is consistent with the reduced
magnitude of 𝜒23 obtained at 50 ◦C.

Although NaPSS–water interactions provide a favorable enthalpic
contribution to mixing, there is an energy penalty for the polymer–
non-solvent mixing that could induce local demixing in the ternary
system, as indicated by positive values of 𝜒13. The unfavorable in-
teraction between the polymer and non-solvent is due to the lower
polarity of 1,4-butanediol, given its molecular symmetry and lower
dielectric constant. The reduction in permittivity also causes counterion
condensation on the polyion chains, promoting phase separation [69].
At 50 ◦C, 𝜒13 has a small positive value. It may be inferred that 1,4-
butanediol is nearly neutral to mixing with NaPSS at 50 ◦C purely
by internal energy-based enthalpic considerations. However, this is
offset by the reduced magnitudes of the negative 𝜒23 and 𝜒12 at 50 ◦C,
resulting in a lower net magnitude of the FH enthalpy term. This is
demonstrated in Fig. 7, where individual contributions to the Gibbs
energy of mixing at the two temperatures are illustrated.

The various contributions to the net Gibbs energy of mixing (in
units of Boltzmann energy 𝑘𝐵𝑇 per lattice site) are plotted (Fig. 7) as
a function of the polymer volume fraction 𝛷3 for a fixed ratio of 𝛷1:
𝛷2 = 1 ∶ 1. The four individual contributions arise from Flory–Huggins
based random configurational entropy, Flory–Huggins type enthalpy
stemming from internal energy-based short range interactions, coun-
terion entropy, and the electrostatic interaction energy. The expression
for the intensive property 𝛥𝐺𝑚,𝑙, i.e., Gibbs energy of mixing per lattice
site is provided in Appendix C. It is seen that bulk of the contributions
to 𝛥𝐺𝑚,𝑙 stem from FH entropy and FH enthalpy for the current system.
Contributions from counterion entropy and electrostatic energy are
rather small at the two temperatures. The electrostatic contribution will
become more prominent in polyelectrolytes of smaller axial spacing
between charged groups [67] (as it would increase 𝜉) and in systems
with larger fraction of free counterions. In the presence of added
salt, electrostatic repulsion between charges along the polyelectrolyte
backbone may be weakened due to the shielding effect of the salt ions.
Consequently, the polyelectrolyte chains would adopt more compact
conformations compared to the extended conformations observed in
salt-free solutions [72]. Therefore, phase separation can be promoted
above a threshold salt concentration [73]. However, it also appears that
there is a second threshold salt concentration above which the phase-
separated precipitates can be made to redissolve due to screening of the
electrostatic bridging attraction. Additionally, the contribution from
mixing entropy term to the Gibbs energy will become more prominent
in the presence of co-ions from added salts [30], enhancing the mixture
compatibility, which would possibly cause the demixing region in the
phase diagram to be narrower.

It may be noted that, as pointed out earlier (Section 2.2), the net
Gibbs energy of mixing being negative is not a sufficient condition
for the existence of a single phase homogeneous mixture. The shapes
of derivatives of 𝛥𝐺𝑚,𝑙, which are contained in the chemical potential
and curvature, would determine phase separation. The shape of 𝛥𝐺𝑚,𝑙
plotted in Fig. 7 is found to be similar at 25 ◦C and 50 ◦C. This is
also consistent with similar shape of cloud point curves at the two

temperatures in Fig. 4. We have also computed and plotted the spinodal
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Table 3
Estimates of various quantities used in the model at 25 ◦C and 50 ◦C.

Quantity 25 ◦C 50 ◦C Remarks

Computed from the composition range over which
Average volume % the cloud point data was obtained experimentally.
of 1,4-butanediol in 55.3 53.8 The relative volume fraction of 1,4-butanediol in the
the liquid medium liquid medium of water + 1,4-butanediol varied over a

narrow range of 50% – 60% in the entire cloud point data.

Gilani et al. [70] have measured and reported the
Dielectric constant dielectric constant of 1,4-butanediol at 25, 35, and 45 ◦C.
of 1,4-butanediol 31.633 25.86 Linear extrapolation of these values was used to

estimate the dielectric constant at 50 ◦C.

Dielectric constant of water 78.3 69.9 Taken from Malmberg and Maryott [71].

Estimated through weighted average of the
Dielectric constant individual dielectric constants of water and
of mixture of water 52.5 46.2 1,4-butanediol based on the average volume %
and 1,4-butanediol of each liquid in the mixture.

Estimated using the information that 𝜉 = 2.85
Charge density for purely aqueous solutions of NaPSS at 25 ◦C
parameter 𝜉 4.25 4.45 and 𝜉 is inversely proportional to the dielectric

constant as well as temperature [67].

Fraction of Estimated using the information that 𝑓 is inversely
free counterions 𝑓 0.23 0.24 proportional to 𝜉 and 𝑓 = 0.35 for 𝜉 = 2.85 (Ref. [67])

Degree of Average molar mass of polymer (70,000) divided
polymerization 𝑁 340 340 by the molecular weight of repeating unit (206)

𝜒23 −0.996 −0.720
Obtained by solving equation (16) using singular

value decomposition method and cloud point data.
𝜒13 +0.238 +0.042
C

R
S
a
S

D

i
i

D

A

a
a

A

e

curve at the two temperatures, which depends on the second derivative
of 𝛥𝐺𝑚,𝑙 with respect to composition. Details are provided in section
S2 of supplementary material. It may be seen that the spinodal curves
have similar shape, but the demixing region at 50 ◦C is comparatively
arrower than the one at 25 ◦C, suggesting enhanced stability of the
ixture at higher temperature.

. Conclusions

A simple and effective approach based on non-solvent induced
loud point titration has been demonstrated for determining phase
quilibria in polyelectrolyte systems. NaPSS – water was used as a
odel polymer–solvent system with 1,4-butanediol as the non-solvent.
he extrapolated cloud point curve of the ternary system, plotted using
CP curve correlations, depicts a tangible demixing region. The cloud
oint curves were found to be not significantly different at the two
emperatures of investigation, viz. 25 ◦C and 50 ◦C. The binary FH
nteraction parameter for NaPSS – water system was estimated to be
0.996 and −0.720 at 25 ◦C and 50 ◦C respectively, in agreement
ith the affinity of water for NaPSS as a good solvent, and consistent
ith the theory of hydrogen bond induced solvent ordering around

ulphonate groups of NaPSS [68].
The detailed mathematical model developed here through a com-

ination of LCP approach and the extended FH equation would serve
s a handy approach for easy determination of miscibility gaps and
hase boundaries in other polyelectrolyte systems and ionic liquids.
he model presented here could be refined further by incorporating
on-random entropy contributions from the counterions and charged
olymer groups, and by considering partially dissociated NaPSS as
true copolymer made up of charged and uncharged groups with

ifferent interaction parameters [67]. The results obtained for the
pecific model system considered here could provide useful insights for
pplications such as phase inversion for membrane fabrication [63],
ano-precipitation for drug delivery [74,75], and polyelectrolyte coac-
rvation [76].
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ppendix A. Evaluation of derivatives 𝝏𝜱𝒊∕𝝏𝒏𝒊

The derivatives of 𝛷𝑖’s with respect to 𝑛𝑖’s (𝑖 = 1, 2, 3) can be
valuated by differentiation of (2). The resulting expressions are:

𝜕𝛷1
𝜕𝑛1

=
𝛷1(𝛷2 +𝛷3)

𝑛1
;

𝜕𝛷2
𝜕𝑛1

= −
𝛷1𝛷2
𝑛1

;
𝜕𝛷3
𝜕𝑛1

= −
𝛷1𝛷3
𝑛1

;

(A.1)

𝜕𝛷1
𝜕𝑛2

= −
𝛷1𝛷2
𝑛2

;
𝜕𝛷2
𝜕𝑛2

=
𝛷2(𝛷1 +𝛷3)

𝑛2
;

𝜕𝛷3
𝜕𝑛2

= −
𝛷2𝛷3
𝑛2

;

(A.2)
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(

Fig. 7. Various contributions to the net Gibbs energy of mixing as function of the polymer volume fraction at (a) 25 ◦C, (b) at 50 ◦C for solvent:non-solvent volume ratio of 1:1.
𝜕𝛷1
𝜕𝑛3

= −
𝛷1𝛷3
𝑛3

;
𝜕𝛷2
𝜕𝑛3

= −
𝛷2𝛷3
𝑛3

;
𝜕𝛷3
𝜕𝑛3

=
(𝛷1 +𝛷2)𝛷3

𝑛3
.

(A.3)

Appendix B. Simplification of Eq. (14) to arrive at eq. (15)

Using the expressions (10), (11), (12) for chemical potentials 𝛥𝜇𝑖
𝑖 = 1, 2, 3), we get the following.
(𝛥𝜇1 − 𝛥𝜇2)
(𝑉1 − 𝑉2)𝑅𝑇

= 1
(𝑉1 − 𝑉2)

ln
𝛷1
𝛷2

+
𝛷2 −𝛷1
𝑉1 − 𝑉2

+
(𝑛1 + 𝑛3)𝛷2
𝑛2(𝑉1 − 𝑉2)

−
(𝑛2 + 𝑛3)𝛷1
(𝑉1 − 𝑉2)𝑛1

+
𝜒12𝛷1
𝑉1 − 𝑉2

[

𝑛2
𝑛1

(𝛷2 +𝛷3) − (𝛷1 +𝛷3)

]

−
𝜒23𝛷3
𝑉1 − 𝑉2

[

𝑛2
𝑛1

𝛷1 + (𝛷1 +𝛷3)

]

+
𝜒13𝛷3

[

𝑛1𝛷2 + (𝛷2 +𝛷3)

]
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𝑉1 − 𝑉2 𝑛2
+ 𝛼
𝑉1 − 𝑉2

[

𝑛3
𝑛2

𝛷2 −
𝑛3
𝑛1

𝛷1

]

+
𝜉
2
𝑓 2𝑁

( 1
𝑉1 − 𝑉2

)

[

𝑛3
𝑛1

𝛷1 −
𝑛3
𝑛2

𝛷2

]

; (B.1)

(𝛥𝜇3 − 𝛥𝜇2)
(𝑉3 − 𝑉2)𝑅𝑇

= 1
(𝑉3 − 𝑉2)

ln
𝛷3
𝛷2

+
𝛷2 −𝛷3
𝑉3 − 𝑉2

+
(𝑛1 + 𝑛3)𝛷2
𝑛2(𝑉3 − 𝑉2)

−
(𝑛1 + 𝑛2)𝛷3
(𝑉3 − 𝑉2)𝑛3

−
𝜒12𝛷1
𝑉3 − 𝑉2

[

𝑛2𝛷3
𝑛3

+ (𝛷1 +𝛷3)

]

+
𝜒23𝛷3
𝑉3 − 𝑉2

[

𝑛2
𝑛3

(𝛷1 +𝛷2) − (𝛷1 +𝛷3)

]

+
𝜒13𝛷3
𝑉3 − 𝑉2

[

𝑛1
𝑛3

(𝛷1 +𝛷2) +
𝑛1
𝑛2

(𝛷2)

]

+ 𝛼
𝑉3 − 𝑉2

[

(𝛷1 +𝛷2) + ln𝛷3 +
𝑛3
𝑛2

𝛷2

]

−
𝜉
2
𝑓 2𝑁

( 1
𝑉3 − 𝑉2

)

[

(𝛷1 +𝛷2) + ln (𝑓𝛷3) +
𝑛3
𝑛2

𝛷2

]

.

(B.2)
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By performing the subtraction of (B.2) from (B.1), the left hand side
(LHS) of (14) can be evaluated to be equal to:

𝛥

(

1
𝑉1 − 𝑉2

ln
𝛷1
𝛷2

− 1
𝑉3 − 𝑉2

ln
𝛷3
𝛷2

)

+𝛥

(

− 𝜒12𝛷1

[𝛷1 +𝛷3
𝑉1 − 𝑉2

−
𝑛2(𝛷2 +𝛷3)
𝑛1(𝑉1 − 𝑉2)

−
𝑛2𝛷3

𝑛3(𝑉3 − 𝑉2)
−

(𝛷1 +𝛷3)
(𝑉3 − 𝑉2)

]

− 𝜒23𝛷3

[𝛷1 +𝛷3
𝑉1 − 𝑉2

+
𝑛2𝛷1

𝑛1(𝑉1 − 𝑉2)
+

𝑛2(𝛷1 +𝛷2)
𝑛3(𝑉3 − 𝑉2)

−
(𝛷1 +𝛷3)
(𝑉3 − 𝑉2)

]

− 𝜒13𝛷3

[

−
𝛷2 +𝛷3
𝑉1 − 𝑉2

−
𝑛1𝛷2

𝑛2(𝑉1 − 𝑉2)
+

𝑛1(𝛷1 +𝛷2)
𝑛3(𝑉3 − 𝑉2)

+
𝑛1𝛷2

𝑛2(𝑉3 − 𝑉2)

]

−
[𝛷1 −𝛷2
𝑉1 − 𝑉2

−
(𝑛1 + 𝑛3)𝛷2
𝑛2(𝑉1 − 𝑉2)

+
(𝑛2 + 𝑛3)𝛷1
𝑛1(𝑉1 − 𝑉2)

+
(𝛷2 −𝛷3)
𝑉3 − 𝑉2

−
(𝑛1 + 𝑛2)𝛷3
𝑛3(𝑉3 − 𝑉2)

+
(𝑛1 + 𝑛3)𝛷2
𝑛2(𝑉3 − 𝑉2)

]

+ 𝛼
[ 𝑛3𝛷2
𝑛2(𝑉1 − 𝑉2)

−
𝑛3𝛷1

𝑛1(𝑉1 − 𝑉2)
−

𝛷1 +𝛷2 + ln𝛷3
(𝑉3 − 𝑉2)

−
𝑛3𝛷2

𝑛2(𝑉3 − 𝑉2)

]

+
𝜉
2
𝑓 2𝑁

[ 𝑛3𝛷1
𝑛1(𝑉1 − 𝑉2)

−
𝑛2𝛷2

𝑛2(𝑉1 − 𝑉2)
+

(𝛷1 +𝛷2) + ln (𝑓𝛷3)
(𝑉3 − 𝑉2)

+
𝑛3𝛷2

𝑛2(𝑉3 − 𝑉2)

]

)

. (B.3)

Now, Eq. (B.3), when multiplied by (𝑉1 − 𝑉2), followed by some rear-
rangements, will yield (15). The steps involved are described below.

The first term in (B.3) containing the logarithms, i.e., 𝛥
(

1
𝑉1−𝑉2

ln𝛷1
𝛷2

−
1

𝑉3−𝑉2
ln𝛷3

𝛷2

)

, when multiplied by (𝑉1 − 𝑉2), can be written as

(

ln
𝛷1
𝛷2

−
𝑉1 − 𝑉2
𝑉3 − 𝑉2

ln
𝛷3
𝛷2

)

. (B.4)

Given that 𝑉1−𝑉2
𝑉3−𝑉2

= 1− 𝑉1−𝑉3
𝑉2−𝑉3

, it can be easily shown that (B.4) is equal
o:
(

ln
𝛷1
𝛷3

−
𝑉1 − 𝑉3
𝑉3 − 𝑉2

ln
𝛷2
𝛷3

)

. (B.5)

It can be easily verified that the second, bigger term of (B.3), when
multiplied by (𝑉1 −𝑉2), is equal to 𝛥(−𝑎), where 𝑎 is as defined in (16).
Therefore, the LHS of (14) now becomes:

𝛥
(

ln
𝛷1
𝛷3

−
𝑉1 − 𝑉3
𝑉3 − 𝑉2

ln
𝛷2
𝛷3

)

− 𝛥(𝑎). (B.6)

Since the expression in (B.6) is equal to zero as per (14), we have

𝛥

(

ln
𝛷1
𝛷3

−

[

𝑉1 − 𝑉3
𝑉2 − 𝑉3

]

ln
𝛷2
𝛷3

)

= 𝛥(𝑎), (B.7)

which is the same as (15).

Appendix C. Expression for 𝜟𝑮𝒎,𝒍∕𝒌𝑩𝑻 used in Fig. 7

Eq. (2) may be rearranged as:

𝑛𝑖 =
𝛷𝑖
𝑉𝑖

3
∑

𝑖=1
𝑛𝑖𝑉𝑖. (C.1)

he total number of lattice sites is equal to the total volume of all
olecules divided by the volume of one lattice site. Assuming that a
olecule of the solvent, water, being small, occupies the volume of one

attice site, the number of lattice sites is equal to 𝑁AV
∑3

𝑖=1(𝑛𝑖𝑉𝑖)∕𝑉2,
here 𝑁AV is the Avogadro number. Eq. (9) can be divided by the
umber of lattice sites to obtain 𝛥𝐺𝑚,𝑙. Noting that 𝑅 = 𝑁AV𝑘𝐵 , and
y replacing 𝑛𝑖 in terms of 𝛷𝑖 using (C.1), we obtain
𝛥𝐺𝑚,𝑙

𝑘𝐵𝑇
=

𝛷1ln𝛷1
𝑉1∕𝑉2

+𝛷2ln𝛷2 +
𝛷3(1 + 𝛼)ln𝛷3

𝑉3∕𝑉2
+𝛷2𝛷1𝜒12 +𝛷2𝛷3𝜒23

+
𝛷1𝛷3𝜒13
𝑉1∕𝑉2

−
𝜉𝑓 2𝑁𝛷3 ln (𝑓𝛷3)

2𝑉3∕𝑉2
. (C.2)
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Appendix D. Supplementary data

Supplementary material related to this article can be found online at
https://doi.org/10.1016/j.fluid.2023.113935. Supplementary material
includes experimental data in tabular form.
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